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Abstract 

Suppose that an almost periodic in Besicovitch's sense function 
f{x) of several variables is the restriction to the real hyperplane of an 
entire function of exponential type h. Then its spectrum is contained 
in the ball of radius h with the center in the origin. 

In his paper [3] H. Bohr showed that the spectrum of an almost periodic 
function f{x) on the real axis M is a subset of [—ex, a], as long as / is the 
restriction to M of an entire function of an exponential type a. R. Boas [2] 
extended the assertion to almost periodic functions on M in Besicovitch's 
metric (for brevity, B-almost periodic functions). In the general case, these 
functions are unbounded on M, hence the proof of the latter assertion is more 
difficult. 

H. Bohr's result was generalized to almost periodic functions in a finite 
dimensional space by S.Yu. Favorov and O.I. Udodova [8]. But the case of 
B-almost periodicity is more complicated, because restrictions to straight 
lines of B-almost periodic functions in are not necessary almost periodic. 

It should be mentioned that B-almost periodic functions of several vari- 
ables were considered earlier in [4], [6], [7]. But in ^ the spectrum of 
functions was not under consideration, and in [4] the author studied only B- 
almost periodic functions with bounded Besicovitch's norm in a tube domain 
with a cone in the base. 
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Our proof differs from ones in p], [3], [8] and is based on estimates of entire 
functions and Logvinenko's theorem [9] on the growth of entire functions of 
several variables on the hyperplane R^. 

We will use the following notations. 

By z = X + iy, z = {zi, Zp), x = (xi, Xp), y = {yi, yp) we denote 
the vectors in (or, respectively, in MP, 'x means the vector (x2, ■■■■,Xp) G 
M^"^, (x, is the inner product in W. Next, |z|, \x\ are the Euclidean 
norms in the spaces C^, M^, and WF~^ , respectively. By dx, d'x, and dxi we 
denote the Lebesgue measure in W , , and M, respectively. Furthermore, 
B{x, 5) means the open ball in W of radius 5 with the center in C with 
lower indexes are constants, depending only on /. 

Besicovitch's norm of a locally integrable function f{x) in W is the limit 



lim f— - I / \f(x)\dx. 



[-T,T]P 

The function f{x) is called B-almost periodic in if for any e > there is 
a (generalized) trigonometric polynomial 

P(x) = 5^c„e^<^'^'"'>, c„ G C, A(") e RP, (1) 

such that 

\\f-P\\B<e. 
The Fourier coejficient of / is the limit 

a(A, /) = ^hm j /(x)e-<^'^>dx. (2) 

The spectrum sp/ of /(x) is the set 

{AGRP:a(A,/)^0}. 

Note that the existence the limit ([2]) and countability of the spectrum follow 
easily from the definition of B-almost periodicity, and the equality 

{ c A = A^") 
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which holds for any n and any polynomial (P). 

By [7], for any B-almost periodic function there exists a sequence of 
polynomial ^ (the so-called Bochner-Fejer sums) with A" G sp/, which 
approximate /. 

The main result of our paper is the following theorem. 

Theorem 1. Let a B-almost periodic function f{x) in extends to as 
an entire function with the hound 

\f{z)\<C,e'^\^^. (4) 

Then we have sp/ C -8(0, a). 

The proof of this theorem is based on the following statement. 

Theorem 2. Let f{x),x E W be a function with a finite norm // / 

can be extended to as an entire function with estimate then 

p 

\f{x)\<C,l[{l + \x,\r WxeW. (5) 

We get the proof of theorem [2l using the following auxiliary results. 

Theorem A ((H)' Let f{z) be an entire function on C^, which satisfies 
and E be a 6 -net in MP. Lf a5 < K{p), then 

sup|/(a;)|<(l-(75)-^up|/(a;)|. 

xeRP x£E 

Theorem B (see, for example, [5j, p. 311). Let a function g{w) be a holo- 
morphic in C"*" = {w & C,lmw > 0}, continuous in the closure of , and 
satisfy the estimate 

|^(w)| < ce'^l"'!, w e C+. (6) 



+ 0O 

log^k(t)l 

1 + ^2 



dt < oo, (7) 



then 



+00 

1 I f x| . Imw f \og\g(Rew + t)\ ^ 
\og\g{w)\< / ,„ , —dt + hlmw, weC^ 



where h = lim 



log \gin)\ 
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In the case supjg 1(7(^)1 < oo theorem B yields the well known version of 
Fragment-Lindelof Principle 

\giw)\< sup \g{w)\e^^'^'", w G C+. (8) 

lmui=0 

Proof of Theorem [2]. Since < oo, we get for any S G (0,1) and 

J \fix)\dx< J \f{x)\dx<C2{l + \x\r. 

B{x,5) [-x-5,x+5]P 

Therefore there is a constant C3 < oo such that for any ball of radius 6 there 
exists a point x' in the ball with 

\f{x')\<Cs6-ni + \x'\Y. 

Put 

i=i 
We have 

\g{z)\<Coe(''+^'">\ zeVP. 

Since \g{x)\ < C^S'^ at the points of the 5-net, we see that theorem A with 
a suitable 6 implies the bound 

sup <C5. (9) 

x&RP 

Using ((91), we apply inequality (l8|) first in the domain Im2;i > 0, and then in 
the domain Imzi < 0. We get 



sm Zj 



\9 



(zi, <C5e('^+P')l^il (10) 



for all z\= x\ \ iyi G C, 'a; G MP^^. Apply ([8]) to the function g{zi, . . . ,Zp) 
as a function in the variable Z2 and use (fTOl l instead of ([9]) . Repeating these 
arguments by the variables Z3, . . . ,Zp, we get 



Therefore, 



on the set A = {z E : < 1, . . . \yp\ < 1}. Hence, 



• n 



sm z-i 



j=2 ^ J 



<c,ii + \z,\y 



on the set {z : z E A, z ^ [jB{nn, |)} . By the Maximum Principle, we get 

n 

the same inequality with the constant instead of C7 at every point of A. 
Repeating these arguments p — 1 times, we obtain ([51). Theorem is proved. 

For the proof of Theorem [U we need the following Lemma. 

Lemma. Suppose that f{z) is an entire function in C'^, which satisfies 
and its restriction to MP satisfies the condition < 00. Then for any 

So G (0, 00), T > T(so), and s G (0, sq) we get 

[-T,r]p 

™^/iC8 = 2P+ni + 2-3P||/||B). 

Proof of the Lemma. By theorem [21 the function /(zi, 'x) satisfies (jTj) 
in the variable Zi for any fixed 'x G . Taking into account ((4j), we get 



t— >oo 



yi 



Hence Theorem B implies for any s > 

s f log|/(t + a;i, 'x)\dt 



\og\f{xi+is, 'x)\<^j 



f' + s^ 



+ as. 



Since the measure ^ ■ is a probability one on R, we get for any locally 
integrable function h{t) on R 



exp 



h{t)dt 

\ |t|<2T 



S 

< - 

n 



e^^^Ut s 
+ - 



t^ + s^ n J t^ + s^ 

\t\<2T \t\>2T 



dt 
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Next, 



J \f{xi+is, 'x)\e '"'dx< j exp < - j 



s f log|/(t + Xi, 'x) 



t^ + s^ 



■dt > dx 



-T,T]P 



-T,T]P 



-T,T]P I \t\<2T 



t^ + S^ 



n J t'^ + s'^ 

\t\>2T 



( 



-T,T\P 



|/(t + a;i, 'x)\ 



\ 



-K J f^ + S^ 

\ |t|<2T 



dt + l 



J 



exp,^ / '^^^^±^dt^dx. 

7f J + 

\t\>2T 



By ([5]) we have for x G [— T, Tf 



s f log|/(t + xi, ^ ^ 



TT 



t2 + s2 



TT 



C3 I Eplog^(l + |a;jl)+plog''^ 



t2 + s2 



-dt 



\t\>2T 



\t\>2T 



/ log(l+T)- 



dt ps r log tdt 

TT 7 t2 + 32 + — y t2 + 32 

t|>2T |t|>2T 



Note that the latter expression bounds from above by log 2 for s < Sq and 
T>T{so). 

Therefore, taking into account the inequality 



J \fix)\dx<2\\f\\Bi2Ty\ T>C, 



[-T,T]P 



we obtain 



\f{xi + is, 'x)\e-'''dx < 2 



-T,T]P 



^ I / \fi^i+t,'^)\dx+i2Tr 



TT J t^ + S^ 

\ 1*1 <2T [-T,T\P 
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<2-T- + 2£/^ / 



\f{x)\dx 



-3T,3r] 



< 2^+1(1 + 2 ■3f||/||s)Tf. 



\t\<2T 

Lemma is proved. 

Proof of Theorem [2] 

Let A be an orthogonal matrix in W. It is easy to check the equality 



a{X,f) = a{A-'X,fA), 



(11) 



where fA^x) = f{Ax) and A is an arbitrary vector in MP. 

Indeed, it follows from ^ that this equality is true for any polynomial 
P ([T]). To prove it for an arbitrary B-almost periodic function, we can 
approximate it by polynomial P such that ||/ — P||b < e. Therefore, 

W/a — Pa\\b < K^e, where K = ma.x\Aej\, ej is the natural basis in MP. 

j 

Hence, we obtain ffTTj) . 

Take A G M^, |A| > a. Since bound (IH) is the same for /a, we may suppose 
that A = (—0" — r], 0, . . . , 0), ?7 > 0. In this case we have 



a(A,/)=^lim 



fix,, 'x)e'"i("+'')da;. 



(12) 



-T,T]P 



The function f{zi, x') is holomorphic in Zi, therefore for any ?/i > we have 



yi 



[-T,T]P~ 



[-T,r]p 
yi 

= h{T,y,) + h{T,y,) ~ h{T,y,). 
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By Lemma, we get 
hence for a given e > and sufficiently large yi 



lim|(2T)-%(T,yi)l<^- (13) 

1 ~>oo 



Next, I /i - /si < G'(T), where 



yi 



G{xi) = j j e"" {\f{xi + is, 'x)\ + \f{-xi + is, 'x)\) ds d'x. 

By Lemma, the Lebesgue measure of the set 

^ = jxi : I < |a;i| < T, G{x^) > 3CsTP-'\y^\'^ 

is at most 

1 f f IT 

e^^'^ {\f{xi + is, + |/(— Xi + is, ds < 



[-T,T]P 

Hence for some T' e [|,T] \E we get G(T') < 3Cs\yi\TP-\ Therefore we 
have 

lET (2T') (A (n z/i) - /3 (n yi) ) I = 0. 

1 ' — ^oo 

Thus, the latter bound and (fT3ll yield a(A, /) = 0. Theorem is proved. 
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